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                \begin{document}$$_n$$\end{document}$ solutions. The EIP is a classical combinatorial problem and a review on the results in Combinatorics can be found in \[[@CR2], [@CR12]\]. Beyond its relevance in pure combinatorics, the EIP (and corresponding problems for similar notions of perimeter) plays a decisive role in a number of applied problems, ranging from *machine learning* (see \[[@CR23]\] and references therein) to the *Crystallization Problem* (CP). We refer the reader to \[[@CR9]\] for the relation between the EIP in the triangular lattice and the CP with respect to a two-body interatomic energy characterized by the *sticky-disc* interaction potential (see \[[@CR13], [@CR19]\] for more details).

The minimum problem ([2](#Equ2){ref-type=""}) relates also to the Ising model for ferromagnetic materials that characterizes the magnetism of a bulk material as the combined effect of magnetic dipole moments of the many atomic spins within the material \[[@CR10]\]. Such magnetic dipole moments are generally considered to be arranged on each site of a fixed lattice and assumed to be in two states, either $\documentclass[12pt]{minimal}
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We first show that ([4](#Equ4){ref-type=""}) is an *upper bound* for every minimizer of EIP$\documentclass[12pt]{minimal}
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Theorem 1.1 {#FPar1}
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Our second result shows that the exponent 3 / 4 in ([4](#Equ4){ref-type=""}) is optimal.

Theorem 1.2 {#FPar2}
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We will prove Theorem [1.1](#FPar1){ref-type="sec"} in Sect. [3](#Sec3){ref-type="sec"} and Theorem [1.2](#FPar2){ref-type="sec"} in Sect. [4](#Sec9){ref-type="sec"}. By setting $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {Z}^3$$\end{document}$ are the first ones related to fluctuations of minimizers in three dimensions. Analogous results in two dimensions have been established in \[[@CR9], [@CR20]\] for the triangular lattice (see also \[[@CR1]\]), in \[[@CR17], [@CR18]\] for the square lattice, and finally in \[[@CR8]\] for the hexagonal lattice. The methods in these contributions are based on rearrangement techniques \[[@CR20]\] and on the isoperimetric characterization of minimizers (with respect to suitable notions of perimeter *P* and area *A* of configurations) which also allows one to find the optimal constants for relations of the type of ([5](#Equ5){ref-type=""}) (see \[[@CR8], [@CR9]\]). Quite surprisingly, the same exponent 3 / 4 is optimal in all of the two-dimensional cases considered (triangular, square, hexagonal) and in $\documentclass[12pt]{minimal}
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The strategy of the proofs is mainly based on generalizing to three dimensions the rearrangement techniques used in \[[@CR17], [@CR20]\], and using the fine characterization of the edge perimeter for minimizers of the EIP in two dimensions obtained in \[[@CR17]\]. The analogue in three dimensions of the two-dimensional passing to a *normalized ground state* as in \[[@CR20]\] and the *rectangularization* employed in \[[@CR17]\] is here the *cuboidification* (see Definition [2.2](#FPar4){ref-type="sec"}), which is quite more involved and allows to pass from any minimizer to a *quasicubic* minimizer (see Definition [2.4](#FPar6){ref-type="sec"}). However, to obtain the upper bound further transformations are needed in particular to prove the relation ([25](#Equ25){ref-type=""}) between the largest dimension of a minimizer and the side of the base of the corresponding cuboidification. To that end, we show how quasicubes can be rearranged to be close to a cube with a "hole" near one of the corners by moving many atomic layers at once, the (considerably more elementary) two dimensional version of which was crucial in \[[@CR20]\]. We also make use of the edge-perimeter characterization for the solutions of two dimensional EIP \[[@CR17]\]. The lower bound relies on a refinement of the argument for the two-dimensional case, which we establish in Lemma [4.1](#FPar9){ref-type="sec"}. As a by product of this, we prove the sharpness of the $\documentclass[12pt]{minimal}
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Mathematical Setting {#Sec2}
====================

In this section we introduce the main definitions and notations used throughout the paper.

We first recall a useful characterization of EIP$\documentclass[12pt]{minimal}
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We also introduce the 2-dimensional analogon of ([2](#Equ2){ref-type=""}) which we denote here as EIP$\documentclass[12pt]{minimal}
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Fig. 4Configuration $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M'''_n$$\end{document}$

Remark 2.3 {#FPar5}
----------

We stress that the recursive application of Steps (ii) and (iii) in the above definition can never exhaust the upper face $\documentclass[12pt]{minimal}
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We conclude this section with two more definitions.

Definition 2.4 {#FPar6}
--------------
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Upper Bound: Proof of Theorem [1.1](#FPar1){ref-type="sec"} {#Sec3}
===========================================================

We exploit the cuboidification algorithm from Sect. [2](#Sec2){ref-type="sec"} to obtain the proof of our first main result.

Proof of Theorem 1.1 {#FPar8}
--------------------
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Step 3 {#Sec6}
------
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In this step we conclude the proof of the estimate ([16](#Equ16){ref-type=""}).
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Lower Bound: Proof of Theorem [1.2](#FPar2){ref-type="sec"} {#Sec9}
===========================================================

We begin this section with an auxiliary lemma about solutions to the EIP in the two-dimensional square lattice. Indeed, for nonnegative integers *s*, *p*, *q* (with $\documentclass[12pt]{minimal}
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